This article presents investigations of self-positioning microstructures and nanostructures by analytical techniques, finite element analysis and atomic-scale modeling. Closed-form solutions for curvature radius of self-positioning hinge structures are obtained for plane strain and generalized plane strain deformation. The finite element method is used for predicting hinge curvature radius for self-positioning structures of variable width. Anisotropic finite element analysis of self-positioning structures with different orientation of material axes is performed to estimate the effect of material anisotropy on the self-positioning. An algorithm of the atomic-scale finite element method (AFEM) based on the Tersoff interatomic potential has been developed. The AFEM is applied to modeling of GaAs and InAs bi-layer self-positioning nanostructures. Nanohinge curvature radius dependence on the structure thickness and the material orientation angle is investigated. It was found that atomic-scale effects play considerable role for nanostructures of small thickness less than 40 nm.
Introduction
Multilayer structures are used in microelectronics, optics and other engineering areas. An efficient method of three-dimensional micro-and nanostructure fabrication is based on a self-positioning phenomenon of multilayer epitaxial structures with lattice mismatch [1, 2, 3] . Figure 1 illustrates the self-positioning fabrication procedure. Three material layers are placed on a substrate using the molecular beam epitaxy method. Two upper material layers have different lattice periods. This leads to the existence of initial strains and initial stresses. The detachment of a strained bilayer from the substrate is done by etching out of a sacrificial layer. Hinges, tubes and other three-dimensional micro-and nanostructures can be created by selecting appropriate physical properties and thickness for two or more lattice-mismatched epitaxial layers.
After etching away the sacrificial layer, the layered materials form hinges or tubes with diameter controllable by layer material properties and thickness. Strain-driven self-positioning can be used to create 3D nanoscale structures by folding 2D membranes as origami (Japanese paper craft work) [4, 5] . A possibility to create rolled-up micro-and nanotubes from a single material layer is investigated in publication [6] .
In order to avoid trials during nanostructure fabrication it is desirable to be able to predict the final shape of self-positioning structures. Analytical solutions or numerical modeling can be used. Closed-form solutions [7, 8] have been obtained for plane stress conditions and for biaxial free deformation of multilayer structures under thermal influence. However, these solutions have limited applicability for self-positioning hinged structures, which are characterized by a deformation constraint along the line of the hinge detachment from the substrate.
This article presents application of analytical techniques, finite element analysis and atomic-scale modeling to investigation of self-positioning microstructures and nanostructures.
Closed-form solutions for curvature radius estimation of self-positioning rolled-up structures for cases of generalized plane strain (wide strips with bending constraint in one direction) are derived. Plane strain deformation of multilayer self-positioning structures is also considered.
The finite element method is used for predicting hinge curvature radius of selfpositioning structures of variable widths. Anisotropic finite element analysis of selfpositioning structures with different orientation of material axes shows that the curvature radius can significantly vary with change of material orientation angle.
Algorithm of the atomic-scale finite element method (AFEM) based on the Tersoff interatomic potential has been developed. A solution procedure for problems with large displacements is organized as the Newton-Raphson iteration procedure. The developed AFEM code is applied to modeling of GaAs and InAs bi-layer selfpositioning nanostructures. A problem series includes investigation of nanohinge curvature radius dependence on the structure thickness and on the material orientation angle.
Closed-form solutions for multilayer structures
Closed-form solutions for elastic multilayer structures have been obtained for the case of infinite sheet, which experiences spherical bending due to initial strains, and for the case of two-dimensional plane stress geometry, which undergo plane bending [7, 8, 9] . However, these solutions are not appropriate for estimation of curvature for hinges and tubes that have considerable width and a displacement constraint at least at one of the ends as shown in Figure 1 . The displacement constraint does not allow the multilayer structure to bend in the transverse direction.
In order to obtain a curvature estimate suitable for multilayer hinges and tubes, let us consider an elastic multilayer structure shown in Figure 2 under conditions of generalized plane strain [10] . The structure consists of n layers with thickness t i , i = 1, 2, ..., n. Materials of layers have the elastic properties E i , Young's modulus and ν i , Poisson's ratio. The layers are under the influence of initial strains ε 0 i , which are due to lattice mismatch or due to different thermal properties.
For generalized plane strain conditions, the total strain in z-direction is equal to some value d:
which magnitude is determined by a condition of zero total force in z-direction:
Under the plane section assumption, strain ε x is a linear function of the y-coordinate:
where c is the uniform strain component, y b is the y-level where the bending strain component is zero, and R is the structure curvature radius. This expression is true for both generalized and ordinary plane strain conditions [11] . Using Eqs.
(1) and (3) and Hooke's law, it is possible to express normal stresses σ x and σ z through parameters c, y b , d, and R:
where
) and η = 1 + ν. For determination of the unknown parameters introduced in Eqs. (1-5), we follow the approach used in publications [7, 11] . Unknown parameters c, y b , d, and R, are determined from the following equilibrium equations:
force due to bending fraction of stress σ x :
force due to uniform fraction of stress σ x :
bending moment created by the normal stress σ x with respect to bending axis z:
total force in z-direction:
Parameter y b is directly obtained from Eq. (6):
where 
where K = 1/R is a structure curvature, and y m i = (y i + y i−1 )/2. Solution of equation system (11) provides the following relation for curvature K: 
For a bilayer structure with n = 2, curvature K is given by the following expression:
Under generalized plane strain conditions, the curvature radius is affected by the difference of Poisson's ratio values ν 2 and ν 1 .
The plane strain solution [11] characterized by zero strain ε z is a particular case of equations (13) and (16) 
The plane stress solution applicable to narrow strips is obtained from (13) and (16) when we set
3 Finite element analysis 3.1 Finite element algorithm for anisotropic problems with large displacements
The following finite element procedure is used for three-dimensional modeling of anisotropic elastic geometrically nonlinear structures under the influence of initial strains. It is assumed that rotations and translations are large but strains are small. Our algorithm [12] includes both material anisotropy and large displacements. Usually, geometrical nonlinearity and anisotropy are treated separately [13, 14] .
Coordinates
Three coordinate systems shown in Figure 3 are used in the finite element analysis:
is the global cartesian coordinate system (fixed in space, used for the whole structure);
2) ξ 1 , ξ 2 , ξ 3 is the local element coordinate system (nonorthogonal, movable, one for each finite element);
3)x 1 ,x 2 ,x 3 is the material coordinate system (orthogonal, movable, defined at any point inside a finite element).
The global coordinate system is employed for formulating the global finite element equation system. The local coordinate systems are used for interpolation within threedimensional isoparametric finite elements: Material coordinate axes are involved in anisotropic constitutive relations at any point of the structure. Material coordinates move and rotate with the material points.
Since the local coordinate system ξ i is not orthogonal, it cannot be used in material constitutive equations. However, the material coordinate systemx i at any point inside the finite element can be determined through the local coordinates ξ i . Unit vectors e ξ i tangent to the local coordinates ξ i have the following components in the global coordinate system:
Derivatives of the global coordinates in respect to local coordinates are estimated using Eq. (17):
If we assume that the unit vector ex 1 of the material coordinatex 1 coincides with the direction of the unit vector e ξ 1 (tangent to the local coordinate ξ 1 ) then two other unit vectors of the material coordinate system can be determined as vector products:
Direction cosines α ij for transformation from the global coordinate system x i to the material coordinate systemx i are expressed through components of the unit vectors
Transformations of vectors from the global coordinate system to the material coordinate system and back are performed as follows:
Anisotropic constitutive law
For an anisotropic elastic material, the stress tensor σ ij and the strain tensor ε ij are related through the Hooke's law
where C ijkl is the elasticity tensor. The symmetry properties allows to represent the Hooke's law in so-called contracted form using matrix-vector notations:
Here C is the contracted 6×6 elasticity matrix; σ, ε are the contracted 1×6 stress and strain vectors. The contracted form of the Hooke's law is convenient for using in a finite element computations since it reduces the number of array dimensions.
Transformations from the global coordinate system to the material coordinate system for the stress and elasticity tensors are performed in the tensor form:
During calculations of element matrices and vectors, it is more efficient to use matrix-vector notation. Contraction from the stress tensor to the stress vector and expansion from the stress vector to the stress tensor are done as follows:
Here two index vectors m and n are used:
The expansion operation should be accompanied by filling symmetrical coefficients of the stress tensor σ ij = σ ji . For the elasticity tensor, contraction and expansion operations are performed in the following ways:
To finish expansion of the elasticity tensor it is necessary to fill symmetrical coefficients C ijkl = C jikl = C ijlk .
Finite element equations
The incremental element equation relating load and displacement increments has the following form:
Here k is the element tangent stiffness matrix at time t, ∆u is the nodal displacement increment, f is the load vector at time t + ∆t, and r is the vector of nodal internal forces corresponding to the current stress state at time t. The element tangent stiffness matrix k is a sum of two matrices: the usual linear stiffness matrix k e and the nonlinear addition k σ depending on the stress state:
A 3×3 block of the linear element stiffness matrix k e corresponding to combination of nodes with local numbers m and n is estimated as follows:
Here B m is a 3×6 block of the displacement differentiation matrix containing derivatives of the shape function for node m; C is the contracted elasticity matrix in the global coordinate system. Integration is performed over the current element volume V in the global coordinate system. Coefficients of the nonlinear element stiffness matrix k σ are given in index notation since it is simpler than matrix-vector form:
Here m, n are local node numbers; i, j are indices related to the global coordinate axes (x 1 , x 2 , x 3 ); σ kl are stresses in the global coordinate system; N m = N m (ξ 1 , ξ 2 , ξ 3 ) are nodal shape functions and δ ij is the Kronecker delta symbol. Stresses σ kl are originally calculated in the material coordinate system. Transformation from the material coordinate system to the global coordinate system at integration points should be done prior to integration. Vector f in Eq. (29) contains nodal equivalents of loads applied to the finite element model. A nodal block of the fictitious force vector f for modeling of lattice mismatch with the initial strain ε 0 is estimated as:
where ε 0 = {ε 0 ε 0 ε 0 0 0 0} is the initial strain vector. Nodal internal forces r are obtained by integration of stresses over the current element volume in the global coordinate system:
Element equations are assembled into a global equation system using element connectivity information:
where K is the global stiffness matrix at time t, ∆U is the nodal displacement increment, F is the nodal equivalent of the applied load at time t + ∆t, and R is the vector of nodal internal forces corresponding to stresses at time t. Predicted displacement increment ∆U is not precise since the stiffness matrix K corresponds to the beginning of the time step. The following Newton-Raphson iteration procedure is used for improving solution at each time step: Iterations are terminated when the norm of the nodal residual vector Ψ (i) becomes less than a specified tolerance ε. It was reported [16] that the Newton-Raphson iteration method is more efficient than other time integration schemes such as the Newmark method.
The finite element procedure for the solution of three-dimensional anisotropic geometrically nonlinear problems has been implemented as a C computer code. The 20-node hexahedral isoparametric element is used for discretization. The strains and the stresses are controlled at Gaussian integration points 2 × 2 × 2 in the material coordinate frames. The initial strain ε 0 is divided into n increments. At each step an increment of the initial strain ε 0 /n is applied, and the finite element equation (35) is solved.
Dependence of the curvature radius on the structure width
Closed-form solution for the curvature radius of a hinge structure under plane stress and plane strain conditions have been presented in Section 2. Plane stress solution corresponds to structures with small width and plane strain solution to structures with large width. Let us perform finite element analysis for structures of variable width and compare finite element results with closed-form predictions [11, 15] .
Experimental procedure for creating a self-positioning hinged micromirror has been developed by Vaccaro et al [3] . A schematic of a hinged mirror structure is depicted in Figure 4 (sizes in µm) . The structure consists of a mirror layer, two strain layers, a sacrificial layer and a substrate. The strain layers have different lattice periods that leads to self-positioning of the mirror after etching out the sacrificial layer.
The upper strain layer has a thickness t 2 =142.6 nm and is composed of GaAs with a lattice constant a 2 =0.56536 nm. The lower strain layer made of In 0.2 Ga 0.8 As has the following parameters: t 1 =7.0 nm, a 1 =0.57347 nm. Ratio of elasticity modulus values for the upper and lower material layers is E 2 /E 1 = 1.076. The difference in lattice constants creates the initial strain in the lower strain layer:
Since we have estimates for curvature of a hinged structure for two limiting cases, it is of interest to investigate a dependence of curvature on the structure width using the finite element analysis. Finite element models for hinged structures of different width are generated by sweeping a two-dimensional xy-mesh in the z-coordinate direction. A typical three-dimensional mesh for the symmetrical half of the structure consists of 484 hexahedral 20-node elements and 2868 nodes.
A series of problems for the self-positioning mirror of variable width is solved using 200 computational steps in each analysis. Typical appearance of the finite element model of the hinged mirror after its release from the substrate is shown in Figure 5 . The curvature radius for hinges of different width is estimated as
Here x B 1 and x B 2 are horizontal and vertical coordinates of some point selected for the radius determination; x A 1 and x A 2 are coordinates of the hinge detachment from the substrate. The point located at the hinge center is used for the curvature radius estimation. The dependence of the hinge curvature radius on the structure width is presented in Figure 6 . Good correspondence of the closed-form solution (16) and finite element results is observed for narrow strips (plane stress) and for wide strips (plane strain). So, analytical solution can be used for curvature radius estimation in the two limiting cases. Computational modeling can be used for hinges of intermediate width.
Effect of material anisotropy
Here we investigate effect of material anisotropy on the curvature radius of selfpositioning structures and compare results with experimental data [12] . The hinged micro-plate used in computational modeling and in the experiment has the hinge of the size 6 µm along x 1 by 100 µm along x 3 (see Figure 7) . The upper strain layer made of GaAs has a thickness t 2 =88 nm. The lower strain layer is composed of In 0.2 Ga 0.8 As with thickness t 1 =56 nm. Both materials are anisotropic with cubic crystal symmetry. The elasticity matrix for materials with cubic crystal symmetry is composed of three independent constants C 11 , C 12 and C 44 :
Elastic material constants (GPa) for two materials are as follows GaAs: C 11 = 119.00, C 12 = 53.40, C 44 = 59.60; In 0.2 Ga 0.8 As: C 11 = 111.88, C 12 = 51.80, C 44 = 55.58. A three-dimensional mesh for the symmetrical half of the structure consists of 555 hexahedral 20-node elements and 3125 nodes. A series of problems for the selfpositioning hinged nanostructure with different material orientations was considered. The hinge orientation is characterized by an angle between the material axisx 1 (crystallographic axis <1 0 0>) at time t = 0 and the global axis x 1 (Figure 7 ). The problems with high nonlinearity are solved by dividing the total initial strain into increments.
The curvature radius R of the hinge is estimated with the use of x 1 -and x 2 -coordinates of two points according to Equation (37). Experimental values of the hinge curvature radius are determined from the micro-plate elevation angle. Figure 8 presents the dependence of the hinge curvature radius R on the hinge orientation angle. The values of R determined by the finite element method are compared with experimental data. It is evident that the finite element results and experimental data have similar angular dependence. The ratio of maximum values to minimum values is about 1.3 for both numerical data and experimental data. However, absolute values obtained by computational modeling are noticeably lower than experimental values.
The difference between calculated and measured radius values may be explained by partial stress relaxation in the In 0.2 Ga 0.8 As layer due to formation of threading dislocations. The critical thickness for strain relaxation by generation of dislocations in In 0.2 Ga 0.8 As epitaxial layers deposited on GaAs according to the Matthews and Blackslee [17] is 16 nm. The InGaAs thickness in experimental samples is much larger than the critical thickness. Experimental data with InGaAs thickness below the critical value would be desirable, but unfortunately was not available.
4 Atomic-scale modeling
Atomic-scale finite element method
The atomic-scale finite element method (AFEM) has been proposed for analysis of carbon nanotubes [18, 19] . The AFEM equation system is derived from the approximation of energy E around current configuration x
and its subsequent minimization:
By substitution of equation (39) into (40), the AFEM global equation system can be expressed in a form similar to conventional finite element equation system:
where K is a global stiffness matrix, U is a global displacement vector, and F is a global load (force) vector. The global stiffness matrix K and the load vector F are composed of second and first derivatives of the atomic structure energy with respect to atom positions:
Here E is the total energy of the atomic system, n is a number of atoms (AFEM nodes), and x i is the coordinate vector of an i-th atom. Energy E coincides with a potential energy for problems of finding the static equilibrium configuration of atomic structures without external loads. Self-positioning is accompanied by large translational and rotational displacements, so it is necessary to divide loading into appropriate steps and to apply load gradually. At each load step, the Newton-Raphson iteration procedure is used to reach equilibrium. Gradual load application is performed with relaxation factor as shown below.
Here α is a load relaxation factor that is estimated by the function g; ε is an error tolerance. Tangent stiffness matrix K and loading vector F are calculated at each iteration using equation (42) and (43). Usually, derivative (slope) of the interaction potential energy becomes smaller as current configuration gets closer to equilibrium where loading becomes zero. The relaxation factor α is estimated using diagonal entries of the tangent stiffness matrix and components of the loading vector:
where n is a number of atoms, F i j is a j-th component of the full load vector acting on i-th atom, K ii jj are corresponding diagonal entries of the tangent stiffness matrix, a is a lattice period of the atomic system, and δ is a displacement suppression factor representing admissible mean displacement length. Stronger load relaxation is applied if smaller δ is selected, or calculated mean value of the solution guess u mean increases. 
GaAs and InAs crystalline structures
Bi-layer self-positioning hinges consisting of GaAs upper and InAs lower layer (see Figure 1 ) are considered. Coordinate axes x, y, and z are aligned to structure length, thickness, and width (bending axis) directions, respectively.
An AFEM mesh consisting of atoms is constructed in accordance with GaAs and InAs crystalline structures called zincblende crystal shown in Figure 9 The GaAs and InAs possess material anisotropy depending on their crystal orientation. Effect of anisotropy is investigated depending on a material orientation angle, which characterizes crystal rotation around global y axis. Figure 10 shows creation of AFEM meshes for modeling GaAs and InAs material anisotropy. First, an original crystalline structure with zero material orientation angle is prepared. Then the structure is rotated around y axis and atoms outside the rectangular solution domain are removed.
The atomic-scale finite element method employs continuous empirical interatomic potential functions, which describe interatomic interactions. Several empirical interatomic potentials have been developed for modeling behavior of atomic systems [20, 21, 22] . The Brenner potential function is widely used and successfully applied for several types of atomic structures. However, its parameters for Indium, Gallium, and Arsenide systems are not available.
Another empirical potential energy model has been proposed by Tersoff [22] . In the Tersoff model, total potential energy E is given by the following function:
where E i is the potential energy of atom i, V ij the potential energy of a bond i-j, r ij the distance from atom i to atom j, f C the cut-off function to disregard effects from distant atoms, f R a reactive component, f A an attractive component, and b ij a bonding term to represent multi-atom interaction effects characterized by bonding angles. Reactive and attractive components are expressed through exponential functions:
Parameterization of the potential function (46) for Indium, Gallium and Arsenide systems has been done by Nordlund et al [23] . Numerical values of the parameters used in computations are given in publication [24] .
The parameters obtained by Nordlund correspond to basic elastic and melting crystal properties. They were developed for investigation of damage at material interfaces. To confirm parameter suitability for modeling of self-positioning structures, we performed several computer experiments. The first test measured correspondence of elastic material properties obtained using the Nordlund parameters to macroelastic properties known from the literature. The second test involved calculation of lattice parameters for GaAs and InAs and their comparison to known values.
Using the AFEM with Tersoff potential and Nordlund parameters, elasticity modulus E and Poisson's ratio ν of GaAs and InAs are estimated by applying tensile loads at the ends of a specimen shaped into a thin rod along its longitudinal direction. Strains and stresses are calculated at a position sufficiently far from the free end where external load is applied. Taking into account that the specimen is thin in transverse directions, Young's modulus E and Poisson's ratio ν are determined by:
For a cubic crystal with axes aligned with cube edges, estimation of Young's modulus and Poisson's ratio from constitutive tensor components C 11 and C 12 can be made as follows:
The lattice period is estimated at the center of cube structures consisting of several crystals in all directions. Elastic properties and lattice periods provided by the AFEM modeling for GaAs and InAs are compared with experimental values A difference of 5% is observed for Young's modulus of GaAs, however the correspondence of other estimated elastic properties to their experimental values is within 1%. Estimated lattice periods are in very good agreement with known values. It was concluded that the Tersoff potential and parameters developed by Nordlund are suitable for AFEM simulation of nanostructures composed of GaAs and InAs.
Self-positioning GaAs-InAs hinges
A self-positioning structure consisting of GaAs upper and InAs lower layers is used for investigation of curvature radius dependence on structure thickness and crystal orientation angle (see Figure 11 ). The problem size parameter c is used for characterizing size of atomic systems.
GaAs and InAs bilayer structures with the problem size c = 1, 2, 4, 8, 12, 16, 24, and 36 were modeled to find equilibrium configuration after self-positioning. Material orientation angles 0, 15, 30, 45, 60, 75, and 90 degrees were used for investigating influence of material anisotropy on the self-positioning. The upper GaAs and lower InAs layers are composed of 3c and c number of unit crystals in the thickness (y) direction. In the length (x) direction, the structure has length 16a 0 c where a 0 is an initial lattice period ( Figure 9) .
We compare results obtained by the AFEM with the analytical continuum mechanics solution under plane strain conditions [11] . The plane strain conditions correspond to structures with infinite width in z direction. In order to simulate atomic systems of infinite dimensions, periodic boundary conditions are usually employed in computational modeling. This helps to minimize number of atoms in the models.
Periodic boundary conditions in the z (width) direction are easy to apply to structures with orientation angles 0, 45 and 90 degrees. Such structures consist of one complete and another incomplete crystal in the width direction, and connection across the periodic boundary is created when looking for neighboring atoms. For hinges with the other orientation angles (15, 30 , 60 and 75 degrees), enough number of atomic layers corresponding to width 30a 0 are prepared and displacement is constrained in the width direction to imitate plane strain conditions (ε z = 0).
Boundary condition restricting displacements in x direction at one end of the structure are also applied.
The analytical continuum mechanics solution [11] is used for estimating the initial configuration of atoms in AFEM meshes. Such configuration is created based on the curvature radius given by continuum mechanics solution under plane strain conditions. Using reasonable approximation for initial atom configuration may considerably reduce computing time.
Definition of thickness for structures consisting of just a few crystal layers in the thickness direction should be done with care when calculating curvature radius using an analytical technique. It is appropriate to add some offset equal to a 'radius' of an atom at each free surface. While adding such an offset is not significant for thick structures, it can be important for problems with small number of unit crystals in y direction.
If we adopt half of the atom connectivity length as an offset, then for zincblende crystal structures the offset is equal to √ 3a/8, where a is a lattice period. Corresponding offsets are 0.1224 nm for GaAs and 0.1425 nm for InAs. Initial strains ε 0 i in equation (16) are determined by initial (a 0 ) and material-specific lattice period (a i ) as:
We determine the initial lattice period for the bi-layer system using a weighted linear interpolation of GaAs and InAs specific lattice periods:
where n 1 and n 2 are number of unit crystals in InAs and GaAs layers. Lattice period a 0 is assumed to be 0.57546 nm in our problems. The developed C++ AFEM computer program was used to solve two problem series for self-positioning nanostructures. The first one is computing the curvature radius of bi-layer hinges with varying thickness. The second series includes problems with varying orientation of material axes for the same nanostructures.
Effect of the structure thickness
Bi-layer atomic structures of different thickness were modeled. In problem series, size parameter c is set to 1, 2, 4, 8, 12, 16, 24, and 36 that corresponds to thickness 2.56, 4.86, 9.46, 18.65, 27.84, 37.03, 55.41 and 82.98 nm. The largest AFEM model consists of 1,329,986 atoms that corresponds to almost 4 million equations. The equilibrium configurations of bi-layer hinges are determined with the use of Newton-Raphson iteration procedure (44). The AFEM values of curvature radius are compared with the continuum mechanics solution for plane strain conditions [11] . In the continuum mechanics solution, elastic properties estimated by the AFEM on the tensile rod model are used.
Curvature radius values based on the AFEM modeling at the top and at the bottom of the atomic structures are calculated by using three neighbor nodes along the x direction to fit a circle. These values are employed to calculate the curvature radius at the neutral layer by linear interpolation. The neutral layer is located at 0.54 of the thickness from the bottom of the structure in our problems. Figure 12 shows the final shape of an atomic model after self-positioning for problem size c = 1, which means totally four unit crystals in the thickness direction. Analysis reveals that spacing of atoms is smaller in GaAs and larger in InAs. It is also observed that the free end section is not flat due to expansion in the lower layer and + γ, where c indicates the size of the atomic system, and α 1 , α 2 , α 3 , β, and γ are parameters found by least square fit. Parameter γ corresponds to converged value of the curvature radius for infinite number of crystal layers. Figure 13 depicts the ratio of the curvature radius determined by the AFEM and by the continuum mechanics solution with varying thickness. According to least square fit results, the computed curvature radius converges to 1.0037 of the plane strain solution. For the biggest problem we investigated (c = 36), the difference between atomic-scale modeling and plane strain solution is −0.36%. So, the AFEM and continuum mechanics solution are in agreement for large thickness. The difference between atomic-scale and continuum mechanics curvature radius increases with reduction of the structure thickness. This difference is −18.4% for c = 1, corresponding to four unit crystals in the thickness direction and thickness 2.56 nm.
Effect of material anisotropy
To investigate effect of material anisotropy on the self-positioning, a series of AFEM solutions for the specimen of Figure 11 10. Figure 14 presents dependency of the curvature radius ratio R AFEM /R Cont(0 • ) on the material orientation angle. Here R AFEM is the curvature radius determined by atomic-scale modeling for current material orientation and R Cont(0 • ) is the continuum mechanics plane strain solution for zero material orientation angle. The curvature radius has its minimum at orientation angles 0 and 90 degrees and maximum at 45 degrees. For varying orientation angles, the ratio of maximum and minimum values of the curvature radius is about 1.35. This ratio is similar to experimental data and numerical finite element modeling of GaAs and In 0.2 Ga 0.8 As bi-layer structures [12] . Dependency of the curvature radius on the material orientation angle is close to sinusoidal function with frequency π.
Conclusion
Analytical techniques, finite element analysis and atomic-scale modeling are used for study of self-positioning structures with lattice mismatched material layers. Closedform solutions are obtained for plane strain and generalized plane strain deformation of multi-layer structures with initial strains. An algorithm of the finite element method has been formulated for anisotropic problems with large displacements and rotations. Three-dimensional finite element analysis of bi-layer self-positioning structures with variable width confirmed applicability of closed-form solutions for estimation of curvature radius in plane stress and plane strain limiting cases. Anisotropic finite element modeling shows that curvature of self-positioning structures with different material orientation can differ by 35%.
Atomic-scale finite element method based on the Tersoff-Nordlund interatomic potential has been developed. It was applied to investigation of thickness effect on the curvature radius of self-positioning nanostructures. Atomic-scale modeling demonstrates that results obtained by continuum mechanics method coincide with those of atomic-scale approach for structures of large thickness. For nanostructures of small thickness (less than 40 nm) atomic-scale effects play considerable role.
